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ABSTRACT
We study the large N anomalous dimensions of operators in a Leigh-Strassler deformation
of N = 4 super Yang-Mills theory. The operators that we study have a bare dimension of
order N (so that the large N limit is not captured by planar diagrams) and are AdS/CFT
dual to giant gravitons. The diagonalization of the dilatation operator factorizes into two
problems. One of these problems is solved using a double coset ansatz. The second problem
is equivalent to a set of decoupled harmonic oscillators.
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1 Introduction
An interesting quantity to compute for any conformal field theory is its spectrum of anoma-
lous dimensions. The computation of this spectrum entails the diagonalization of the di-
latation operator. By identifying the planar dilatation operator of N = 4 super Yang-Mills
theory as the Hamiltonian of a spin system, a rich integrable structure underlying the planar
limit has been discovered[1, 2], allowing tremendous progress in exploring the the AdS/CFT
correspondence[3, 4, 5]. There is even reason to hope that the exact spectrum of anomalous
dimensions can be found in the planar limit. See [6] for a comprehensive recent review.
Given these developments, a somewhat natural next step is to ask if integrability is present
in other large N limits of N = 4 super Yang-Mills theory. Recent work suggests that this is
indeed the case[7, 8, 9, 10, 11, 12, 13, 14, 15].
The study of integrability in large N but not planar limits of N = 4 super Yang-Mills
theory has focused on operators that are AdS/CFT dual to giant gravitons[16, 17, 18]. For
these operators, as a consequence of the fact that the large N and planar limits do not
coincide[19], computing correlators involves more than just summing the planar diagrams.
One way to tackle this task, is by employing representation theory of the symmetric and
unitary groups as well as the relations between them. In this way it has been possible to
construct bases of operators that diagonalize the free field two point function to all orders
in 1/N [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. In this work we will focus on the basis
provided by the restricted Schur polynomials[21, 22, 27]. These operators mix only weakly
at one loop[32, 33] and the analytic diagonalization of the one loop dilatation operator has
now been achieved[9, 10, 11, 14, 15], for the case that we build the operators with a large
number of adjoint scalars (Z say) doped with a much smaller number of impurities, which
may be another species of scalar, fermions or covariant derivatives of the original scalar Z.
In this case the problem of diagonalizing the one loop dilatation operator factorizes into
two diagonalization problems: one associated with the Z fields and one associated with the
1
impurities. The diagonalization problem associated with the impurities is solved using a
double coset ansatz[14] (see also [11, 13, 15]). A remarkable feature of the result of this
diagonalization is that one sees very concretely the emergence of the Gauss Law expected
from the AdS/CFT dual system of a giant graviton with open string excitations[21, 34, 35].
The diaganolization associated with the Z fields has been solved in [10]. It reduces to
the motion of particles along the real line interacting via quadratic pair-wise interaction
potentials. In this way the spectrum of the dilatation operator reduces to the spectrum of
a set of decoupled oscillators, which indicates that the system is integrable. We expect that
the simple solution of the diagonalization associated with the Z fields and the associated
oscillators, relies on integrability. In contrast to this, the Gauss Law is expected to hold for
any gauge theory and consequently we expect that the double coset ansatz will continue to
be useful even when integrability is not present and also when one goes to higher loops. This
has been verified at two loops in [36]. The motivation for this project is to further explore
this expectation.
It is possible to add a class of deformations, first catalogued by Leigh and Strassler[37],
that break the superconformal symmetry down to N = 1. Using different choices of the
deformation, it is possible to either preserve or destroy the integrability. These deformations
thus provide the ideal laboratory for us to consider the generality of the double coset ansatz.
After deformation, the superpotential depends on three parameters
W = iκ
[
Tr(XY Z − qXZY ) + h
3
Tr(X3 + Y 3 + Z3)
]
(1.1)
In this article we will consider the simplest case of a β-deformation for which q = e−2iπγ ,
h = 0 and γ is real. This deformation preserves integrability [38, 39, 40, 41]. In the next
section we will evaluate the action of the one loop dilatation operator of the deformed theory
on restricted Schur polynomials. With this result in hand, we are able to apply the double
coset ansatz and show that it continues to provide the diagonalization for the impurity labels.
The diagonalization problem for the Z labels is quite different to the problem studied in [10].
In section 3 we take a continuum limit and show in section 4 that in this limit the spectrum
of the dilatation operator again reduces to a set of decoupled oscillators. Section 5 is reserved
for discussion of our results.
2 Action of the Dilatation Operator
We want to evaluate the action of the dilatation operator1
Dγ = −g2YMTr(ZY ∂Y ∂Z + Y Z∂Z∂Y − e2πiγZY ∂Z∂Y − e−2πiγY Z∂Y ∂Z) (2.1)
1The dilatation operator for β deformed N = 4 super Yang-MIlls theory is derived in [38].
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on the restricted Schur polynomial
χR,(r,s)αβ(Z, Y ) =
1
n!m!
∑
σ∈Sn+m
Tr(r,s)αβ(Γ
R(σ))Y i1iσ(1) · · ·Y imiσ(m)Z
im+1
iσ(m+1)
· · ·Z im+niσ(m+n)
≡ 1
n!m!
∑
σ∈Sn+m
Tr(r,s)αβ(Γ
R(σ))Tr(σY ⊗mZ⊗n) (2.2)
R ⊢ m + n specifies an irreducible representation (irrep) of Sn+m, which r ⊢ n and s ⊢ m
so that (r, s) specifies an irrep of Sn × Sm. In (2.2) Tr(r,s)αβ is an instruction to trace only
over a subspace of the full carrier space of R; see [22, 27] for more details. The evaluation of
all four terms in (2.1) are similair and can be carried out as in [8]. We will explain in detail
how to evaluate the first term
T1 = Tr(ZY ∂Y ∂Z)χR,(r,s)αβ(Z, Y )
= Z ijY
j
k
d
dY lk
d
dZ il
χR,(r,s)αβ(Z, Y )
=
1
(n− 1)!(m− 1)!
∑
σ∈Sn+m
Tr(r,s)αβ(Γ
R(σ))δi1iσ(m+1)(ZY )
im+1
iσ(1)
Y i2iσ(2) · · ·Y imiσ(m)Z
im+2
iσ(m+2)
· · ·Z im+niσ(m+n)
=
1
(n− 1)!(m− 1)!
∑
ψ∈Sn+m
δi1iψ(1)Tr(r,s)αβ(Γ
R(ψ (1, m+ 1) ))Tr(ψ(1, m+ 1)Y ⊗mZ⊗n)
The sum over Sn+m can be reduced to a sum over Sn+m−1 by employing the reduction rule
of [42, 22]. The result is
T1 =
1
(n− 1)!(m− 1)!
∑
ψ∈Sn+m−1 ψ(1)=1
∑
R′
cRR′Tr(r,s)αβ(Γ
R′(ψ)ΓR( (1, m+ 1) ))
×Tr(ψ(1, m+ 1)Y ⊗mZ⊗n) (2.3)
We would now like to express this as a linear combination of restricted Schur polynomials.
This is most easily achieved by using the identity
Tr(σY ⊗mZ⊗n) =
∑
T,(t,u)γδ
dTn!m!
dtdu(n+m)!
χT,(t,u)γδ(σ
−1)χT,(t,u)δγ(Z, Y ) (2.4)
which has been proved in [43]. The result is
T1 =
∑
T,(t,u)γδ
dTnm
dtdu(n+m)!
∑
ψ∈Sn+m−1 ψ(1)=1
∑
R′
cRR′Tr(r,s)αβ(Γ
R′(ψ)ΓR( (1, m+ 1) ))×
×χT,(t,u)γδ( (1, m+ 1)ψ−1)χT,(t,u)δγ(Z, Y )
(2.5)
The fundamental othogonality relation can now be used to perform the sum over ψ. We
finally obtain
T1 =
∑
T,(t,u)γδ
∑
R′
cRR′dTnm
dtdudR′(n +m)
×
3
TrR⊕T (Γ
R( (1, m+ 1) )PR,(r,s)αβIR′T ′PT,(t,u)γδΓ
T ( (1, m+ 1) )IT ′R′)× χT,(t,u)δγ(Z, Y ) (2.6)
We have explicitely indicated that the trace appearing in this last expression is over the
direct sum of the carrier spaces of R and of T . All four terms in the dilatation operator can
be treated in exactly the same way.
The relation between the restricted Schur polynomials given above and those with nor-
malized two point function is
χR,(r,s)αβ(Z, Y ) =
√
fRhooksR
hooksrhookss
OR,(r,s)αβ(Z, Y ) (2.7)
Acting on normalized operators we have
DγOR,(r,s)αβ(Z, Y ) = −g2YM
∑
T,(t,u)δγ
∑
R′
cRR′dTnm
dtdudR′(n+m)
√
fThooksThooksrhookss
fRhooksRhooksthooksu
×
×TrR⊕T
[
ΓR( (1, m+ 1) )PR,(r,s)αβIR′T ′PT,(t,u)γδΓ
T ( (1, m+ 1) )IT ′R′
+PR,(r,s)αβΓ
R( (1, m+ 1) )IR′T ′Γ
T ( (1, m+ 1) )PT,(t,u)γδIT ′R′
−e−2πiγΓR( (1, m+ 1) )PR,(r,s)αβIR′T ′ΓT ( (1, m+ 1) )PT,(t,u)γδIT ′R′
−e2πiγ PR,(r,s)αβΓR( (1, m+ 1) )IR′T ′PT,(t,u)γδΓT ( (1, m+ 1) )IT ′R′
]
OT,(t,u)δγ
(2.8)
The expression for the action of the one loop dilatation operator (2.8) is exact to all orders
in 1/N . The chief difficulty in evaluating (2.8) explicitely is in constructing the operators
PR,(r,s)αβ and in performing the trace over R⊕ T . Important recent progress on these issues
has been achieved[11, 13] by realizing that both of these tasks can be accomplished, at
large N , by using the displaced corners approximations. Denote the number of rows in the
Young diagram labeling the restricted Schur polynomial by p. To capture the large N (but
not planar!) limit we use the displaced corners approximation. To understand what this
approximation is and when it applies we will review relevant aspects of the construction of
PR,(r,s)αβ . To subduce r ⊢ n from R ⊢ m + n we remove m boxes from R. Each box in the
Young diagram R can be assigned a factor which is equal to N − i + j for the box in row
i and column j. In the displaced corners approximation the difference between the factors
of any two boxes of the m boxes removed, is of order N , whenever the removed boxes come
from different rows. In this limit the action of the symmetric group becomes particularly
simple[13] and this is ultimately the reason why it is useful to consider this limit. We now
associate each removed box with a vector in a p dimensional vector space Vp. Thus, the m
removed boxes associated with the Y ’s define a vector in V ⊗mp . The trace over R ⊕ T now
factorizes into a trace over r⊕ t and a trace over V ⊗mp . The bulk of the work is in evaluating
the trace over V ⊗mp . This trace can now be evaluated using the methods developed in [11]. It
is possible and useful to write the intertwining maps in terms of the basis for the fundamental
representation of the Lie algebra u(p) given by (Eij)ab = δiaδjb and obeying
EijEkl = δjkEil (2.9)
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A box is removed from row i is associated to a vector vi, which is an eigenstate of Eii with
eigenvalue 1. If we remove a box from row i of R and a box from row j of T , assuming that
R′ and T ′ have the same shape, we have
IT ′R′ = E
(1)
ji (2.10)
Denote the number of boxes in row i of R by ri and the number of boxes removed from row
i of R to obtain r by mi. We collect the mi into a vector ~m and say that we remove ~m from
R to obtain r. We are now ready to evaluate the trace over V ⊗mp . Assume that we remove
the box from row i of R to obtain R′, and from row j of T to obtain T ′. These terms have a
coefficient of
√
cRR′cTT ′ =
√
(N + ri)(N + rj). The intertwining maps are IT ′R′ = E
(1)
ji and
IR′T ′ = E
(1)
ij . We remove ~m from R to obtain r and ~n from T to obtain t. The four traces
we need to evaluate are
Tr
(
ΓR( (1, m+ 1) )PR,(r,s)αβIR′T ′PT,(t,u)γδΓ
T ( (1, m+ 1) )IT ′R′
)
= Tr
(
E
(m+1)
ii PR,(r,s)αβE
(1)
ii PT,(t,u)γδ
)
=
∑
k
δRT δrtδ~m~ndr′(i)〈s, β, a|E(1)ii |u, γ, b〉 〈u, δ, b|E(1)kk |s, α, a〉 (2.11)
Tr
(
PR,(r,s)αβΓ
R( (1, m+ 1) )IR′T ′Γ
T ( (1, m+ 1) )PT,(t,u)γδIT ′R′
)
= Tr
(
E
(1)
ii PR,(r,s)αβE
(m+1)
ii PT,(t,u)γδ
)
=
∑
k
δRT δrtδ~m~ndr′(i)〈s, β, a|E(1)kk |u, γ, b〉 〈u, δ, b|E(1)ii |s, α, a〉 (2.12)
Tr
(
ΓR( (1, m+ 1) )PR,(r,s)αβIR′T ′Γ
T ( (1, m+ 1) )PT,(t,u)γδIT ′R′
)
=
∑
kl
Tr
(
E
(1)
jk E
(m+1)
ki PR,(r,s)αβE
(1)
il E
(m+1)
lj PT,(t,u)γδ
)
= δr′(i)t′(j)δ~m~ndr′(i)〈s, β, a|E(1)ii |u, γ, b〉 〈u, δ, b|E(1)jj |s, α, a〉 (2.13)
Tr
(
PR,(r,s)αβΓ
R( (1, m+ 1) )IR′T ′PT,(t,u)γδΓ
T ( (1, m+ 1) )IT ′R′
)
=
∑
kl
Tr
(
E
(1)
li E
(m+1)
jl PR,(r,s)αβE
(1)
kj E
(m+1)
ik PT,(t,u)γδ
)
= δr′(i)t′(j)δ~m~ndr′(i)〈s, β, a|E(1)jj |u, γ, b〉 〈u, δ, b|E(1)ii |s, α, a〉 (2.14)
Using these results we obtain the following action for the dilatation operator
DγOR,(r,s)αβ = −g2YM
∑
T,(t,u)δγ
[M
(1)
R,(r,s)αβ;T,(t,u)δγ +M
(2)
R,(r,s)αβ;T,(t,u)δγ ]OT,(t,u)δγ (2.15)
where
M
(1)
R,(r,s)αβ;T,(t,u)δγ =
m√
dsdu
δ~m~n
p∑
j=2
j−1∑
i=1
[
〈s, β, a|E(1)ii |u, γ, b〉 〈u, δ, b|E(1)jj |s, α, a〉×
5
[(2N + ri + rj)δRT δrt −
√
(N + ri)(N + rj)(δT,R+ijδt,r
+
ij
e2πiγ + δT,R−ijδt,r
−
ij
e−2πiγ)]
+[(2N + ri + rj)δRT δrt −
√
(N + ri)(N + rj)(δT,R+ij
δt,r+ij
e−2πiγ + δT,R−ijδt,r−ije
2πiγ)]
×〈s, β, a|E(1)jj |u, γ, b〉 〈u, δ, b|E(1)ii |s, α, a〉
]
(2.16)
and
M
(2)
R,(r,s)αβ;T,(t,u)δγ =
4m sin2(πγ)√
dsdu
δ~m~nδRT δrt
p∑
i=1
(N + ri)〈s, β, a|E(1)ii |u, γ, b〉
×〈u, δ, b|E(1)ii |s, α, a〉 (2.17)
We have used r+ij to denote the Young diagram obtained from r by removing a box from j
and adding it to row i, while r−ij is obtained by removing a box from row i and adding it to
row j. Delta functions like δt,r+ij are 1 if the two Young diagrams have the same shape and
are zero otherwise. Notice that the action of each of the two terms in the dilatation operator
has factored into the product of two actions, one that acts only on Young diagram r (i.e.
on the Z fields) and another that acts only on the Young diagram s (i.e. on the Y fields).
Further, since the action of the second term on the r label is trivial, we can diagonalize on
the s, µ1µ2; uν1ν2 and the R, r;T, t labels separately. This is identical to what happens in
the undeformed case. In the undeformed case it is the diagonalization on the s, µ1µ2; uν1ν2
labels that is solved by the Gauss graph operators.
Our next task is to write the action of the dilatation operator in the Gauss graph basis.
The first term in (2.15) has exactly the same form as the action of the dilatation operator
in the undeformed theory, so that after using the results of [14] we immediately obtain the
action of this term in the Gauss graph basis. We will thus focus on the second term in (2.15).
Introduce the notation
D(2)γ OR,(r,s)αβ = −g2YM
4mδ~m~n sin
2(πγ)√
dsdu
∑
u δ γ
∑
i
(N + ri)〈s, β, a|E(1)ii |u, γ, b〉
×〈u, δ, b|E(1)ii |s, α, a〉OR,(r,u)δγ
Recall that the Gauss graph operators are given by
OR,r(σ) =
|H|√
m!
∑
j,k
∑
s⊢m
∑
αβ
√
dsΓ
s
jk(σ)B
s→1H
jα B
s→1H
kβ OR,(r,s)αβ (2.18)
where H is defined in terms of ~m by H = Sm1 × Sm2 × · · · × Smp , Bs→1Hjα are the branching
coefficients from irrep s of Sm to the trivial of H (j is a label for states in the carrier space of
s and α is a multiplicity label - distinguishing the copies of the trivial irrep of H subduced
by s) and σ is an element of the double coset H \ Sm/H . We now compute
〈O†T,t(σ2)D(2)γ OR,r(σ1)〉 = −δRT δrt4mg2YM sin2(πγ)
∑
i
(N + ri)
6
∑
s,u⊢m
∑
αβγδ
∑
i
|H|2
m!
〈s, β, a|E(1)ii |u, γ, b〉〈u, δ, b|E(1)ii |s, α, a〉
Γ
(s)
jk (σ2)B
s→1H
jα B
s→1H
kβ Γ
(u)
lm (σ1)B
u→1H
lδ B
u→1H
mγ
(2.19)
Some algebra shows[14]∑
u
|u, γ, b〉〈u, δ, b|Γ(u)lm (σ1)Bu→1Hlδ Bu→1Hmγ =
1
|H|3
∑
σ,τ∈Sm
∑
γ1,γ2∈H
δ(γ1σ
−1
2 γ
−1
2 τ
−1σ)|vσ〉〈vτ |
Consequently (2.19) becomes
− g
2
YM |H|2
m!
m
|H4|
∑
β,τ
∑
γ2 γ4
〈v¯|Eβ−1(1)ii β−1τγ2σ2|v¯〉〈v¯|Eτ
−1(1)
ii τ
−1βγ4σ
−1
1 |v¯〉 (2.20)
Introduce the set Si of integers that lie in the range m1 + m2 + · · ·mi−1 + 1 ≤ x ≤ m1 +
m2 + · · ·mi−1 +mi. Then (2.19) becomes
− g
2
YM |H|2
m!
∑
i
(N + ri)
m
|H|4
∑
βτ
∑
γi
δ(β−1τγ2σ2γ3)δ(τ
−1βγ4σ
−1
1 γ1)
∑
k,l∈Si
δ(β−1(1), k)δ(τ−1(1), l)
The last two delta functions in the above expression imply that β(k) = τ(l). Rewriting this
expression entirely in terms of β−1τ we find
− g2YM
1
m! |H|2
∑
i
(N + ri)
∑
β τ
∑
γi
δ(β−1τγ2σ2γ3)δ(τ
−1βγ4σ
−1
1 γ1)
∑
k,l∈Si
δ(β−1τ(k), l)
= −g2YM
1
|H|2
∑
i
(N + ri)
∑
β
∑
γi
δ(β−1γ2σ2γ3)δ(βγ4σ
−1
1 γ1)
∑
k,l∈Si
δ(β−1(k), l)
= −g2YM
1
|H|2
∑
i
(N + ri)
∑
β
∑
γi
δ(β−1γ2σ2γ3)δ(βγ4σ
−1
1 γ1)nii(β
−1)
= −g2YM
∑
i
(N + ri)
1
|H|2
∑
γi
δ(γ2σ2γ3γ4σ
−1
1 γ1)nii(γ4σ
−1
1 γ1)
= −g2YM
∑
i
(N + ri)
∑
γ1 γ2
δ(γ1σ2γ2σ
−1
1 )nii(σ1)
(2.21)
Notice that
∑
γ1 γ2
δ(γ1σ2γ2σ
−1
1 ) is the delta function on the double coset. Thus, the new
term is diagonal in the Gauss graph basis. This term is an additive constant (since it is
diagonal in the R, r labels and the elements on the diagomal do not depend on r or R)
〈O†T,t(σ2)D(2)γ OR,r(σ1)〉 = −g2YMδRT δrt
∑
i
(N + ri)nii(σ1)
∑
γ1 γ2
δ(γ1σ2γ2σ
−1
1 ) (2.22)
Next, introduce the notation
D(1)γ OR,(r,s)αβ = −g2YM
∑
T,(t,u)δγ
M
(1)
R,(r,s)αβ;T,(t,u)δγOT,(t,u)δγ
7
(2.23)
Using the results from [14], we find
〈O†T,t(σ2)D(1)γ OR,r(σ1)〉 = −g2YM
∑
γ1,γ2∈H
δ(γ1σ2γ2σ
−1
1 )
p∑
j=2
j−1∑
i=1{
n−ij(σ1)[(2N + ri + rj)δRT δrt −
√
(N + ri)(N + rj)(δT,R+ijδt,r
+
ij
e2πiγ + δT,R−ijδt,r
−
ij
e−2πiγ)]
+n+ij(σ1)[(2N + ri + rj)δRT δrt −
√
(N + ri)(N + rj)(δT,R+ijδt,r
+
ij
e−2πiγ + δT,R−ijδt,r−ije
2πiγ)]
}
(2.24)
In the above expression n+ij is the number of strings going from i to j; in terms of the double
coset element we have
n+ij(σ) =
∑
k∈Si
∑
l∈Sj
δ(σ(k), l) (2.25)
n−ij is the number of strings going from j to i and in terms of the double coset element
n−ij(σ) =
∑
k∈Si
∑
l∈Sj
δ(σ(l), k) (2.26)
This completes the evaluation of the action of the deformed dilatation operator in the Gauss
graph basis.
3 Continuum Limit of Dγ
To obtain the spectrum of anomalous dimensions we still have to solve the eigenproblem on
the R, r;T, t labels which amounts to solving a difference equation. At large N we can take
a continuum limit that replaces the diference equation with a partial differential equation.
In the undeformed case this partial differential equation describes a system of particles
interacting with a quadratic pairwise interaction potential. In this section we will consider
the continuum limit of the R, r;T, t eigenproblem in the deformed case.
In the large N limit, for the operators we consider, we know that N + r0 → ∞. Set
ri = r0 + li for i > 0. To obtain the continuum limit we will fix the variables xi =
li√
N+r0
to
be order 1. To keep track of the variables li in what follows, we introduce a new notation
for the operators OR,r(σ) denoting them O(σ, r0, l1, ..., lp−1). Assume that the operators of a
good scaling dimension have the form
O =
∑
r0,l1,··· ,lp−1
f(r0, l1, ..., lp−1)O(σ, r0, l1, ..., lp−1) (3.1)
8
The eigenvalue problem DO = ΓO implies that
g2YM
p∑
i=1
p∑
j=i+1
n−ij [(2N + ri + rj)f(r0, l1, ..., lp−1)
−
√
(N + ri)(N + rj)(e
2πiγf(..., li + 1, ..., lj − 1, ...) + e−2πiγf(..., li − 1, ..., lj + 1, ...))]
+g2YM
p∑
i=1
p∑
j=i+1
n+ij [(2N + ri + rj)f(r0, l1, ..., lp−1)
−
√
(N + ri)(N + rj)(e
−2πiγf(..., li + 1, ..., lj − 1, ...) + e+2πiγf(..., li − 1, ..., lj + 1, ...))]
+4g2YM sin
2(πγ)
p∑
i=1
(N + ri)niif(r0, l1, ..., lp−1) = Γf(r0, l1, ..., lp−1)(3.2)
Now, make use of the expansions√
(N + r0 + li)(N + b0 + lj) = N + r0 +
xi + xj
2
√
N + r0 − (xi − xj)
2
8
+ ... (3.3)
and
f(r0, ..., li − 1, ..., lj + 1, ...)→ f(r0, ..., xi − 1√
N + b0
, ..., xj +
1√
N + b0
, ...)
= f(r0, ..., li, ..., lj, ...)− 1√
N + r0
∂f
∂xi
+
1√
N + b0
∂f
∂xj
+
1
2(N + b0)
∂2f
∂x2i
+
1
2(N + r0)
∂2f
∂x2j
− 1
N + r0
∂2f
∂xi∂xj
+ ... (3.4)
to find
g2YM
p∑
i=1
p∑
j=i+1
n−ij
[
(2N + ri + rj)(1− cos(2πγ))f(r0, l1, ..., lp−1)
−i sin(2πγ)(2
√
N + r0 + xi + xj)
(
∂f
∂xi
− ∂f
∂xj
)
+cos(2πγ)
(
(xi − xj)2
4
−
(
∂
∂xi
− ∂
∂xj
)2)
f
]
+g2YM
p∑
i=1
p∑
j=i+1
n+ij
[
(2N + ri + rj)(1− cos(2πγ))f(r0, l1, ..., lp−1)
+i sin(2πγ)(2
√
N + r0 + xi + xj)
(
∂f
∂xi
− ∂f
∂xj
)
+cos(2πγ)
(
(xi − xj)2
4
−
(
∂
∂xi
− ∂
∂xj
)2)
f
]
+4g2YM sin
2(πγ)
p∑
i=1
(N + ri)niif(r0, l1, ..., lp−1) = Γf(r0, l1, ..., lp−1)
(3.5)
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This gives the partial differential equation that must be solved to obtained anomalous dimen-
sions for the deformed theory. A comment is in order. In the undeformed case, configurations
with nij = 0 and nii 6= 0 correspond to BPS operators. One of the implications of this is that
any excitation of a single giant graviton (i.e. any restricted Schur polynomial built using
only Zs and Y s, labeled by Young diagrams that have only a single row or column) are BPS.
In the deformed case we see that this is clearly not so - nii 6= 0 leads to operators that are
not BPS. Consequently, in the deformed case the excitations of a single giant graviton are
not BPS.
4 Spectrum
The goal of this section is to compute the spectrum of the deformed dilatation operator by
solving the eigenproblem (3.5). Introduce a new set of coordinates yi =
√
N + r0 + xi. In
terms of these coordinates, rewrite (3.5) as
Hf = Γ˜f (4.1)
where
H = g2YM
p∑
i=1
p∑
j=i+1
[
nij cos(2πγ)(P
2
ij +
1
4
y2ij) + (n
+
ij − n−ij) sin(2πγ) (yi + yj)Pij
]
(4.2)
Pij = i
∂
∂yi
− i ∂
∂yj
yij = yi − yj (4.3)
Γ˜ = −2g2YM
p∑
i=1
p∑
j=i
nij(N + ri +N + rj) sin
2(πγ) + Γ (4.4)
Notice that yi + yj commutes with H and hence is a constant of the motion. It thus makes
sense to shift Pij → Pij + α(yi + yj). Indeed, by choosing
α =
(n−ij − n+ij) tan(2πγ)(yi + yj)
2nij
(4.5)
we find
H = g2YM
p∑
i=1
p∑
j=i+1
[
nij cos(2πγ)(P
2
ij +
1
4
y2ij)−
(n+ij − n−ij)2 sin2(2πγ) (yi + yj)2
4nij cos(2πγ)
]
(4.6)
The second term inside the square braces commutes with the Hamiltonian and is thus a
constant. Noting that [
Pij ,
yi − yj
2
]
= i (4.7)
it is clear that H is equivalent to a (shifted) Harmonic oscillator. The spectrum of the
oscillator clearly depends on the deformation parameter γ.
10
5 Discussion
In this article we have computed the spectrum of anomalous dimensions in the Leigh-Strassler
deformed N = 4 super Yang-Mills theory. The operators that we have studied are AdS/CFT
dual to systems of giant gravitons. This implies that although we work at large N , we are
not in the planar limit of the theory.
A key motivation for this work has been to test the validity of the double coset ansatz
within the deformed theory. We have found that the action of the dilatation operator
continues to factorize into an action on the impurity labels sµ1µ2; uν1ν2 associated to the Y
fields and an action on the labels R, r;T, t associated to the Z fields. The deformed dilatation
operator picks up an extra term as compared to the undeformed case. The extra term is
diagonal in the Gauss graph basis so that the double coset ansatz continues to diagonalize
the impurity labels. This matches our expectations, motivated by the observation that the
Gauss Law, which is closely tied to the double coset ansatz, is a general feature expected of
the AdS/CFT dual theory of the open string excitations of the giant graviton systems we
consider.
We have also considered the diagonalization problem on the R, r;T, t labels associated
to the Z fields. It turns out that this problem can again be reduced to a set of decoupled
oscillators. The deformed dilatation operator picks up an additional term as compared to
the undeformed case. This extra term produces an extra shift in the amomalous dimension.
The shift is positive as it should be. Indeed, a negative shift would produce operators with a
dimension less than their R-charge which is not possible in a unitary conformal field theory.
This predicts that all excitations of the giant gravitons in the deformed theory are not BPS.
As an example, for a system of p = 2 giant gravitons we have (k is any non-negative integer)
Γk = 4g
2
YM(N + r1)n11 sin
2(πγ) + 4g2YM(N + r2)n22 sin
2(πγ)
+2g2YM(2N + n)n12 sin
2(πγ) + 4g2YMn12 cos(2πγ)k (5.1)
Setting γ = 0 we recover the anomalous dimensions of the undeformed theory [9].
We have not considered comparing with dual AdS/CFT predictions[44, 45, 46]. As just
commented, since our operators are not BPS their anomalous dimensions are not protected
quantities. Since the AdS/CFT duality is a strong/weak coupling duality, a direct com-
parison is almost sure to fail. More precisely, the dual gravitational system is defined
in the limit of large t’ Hooft coupling λ and small γ (γ2λ is fixed) while our field the-
ory computation is valid when λ is small and γ is arbitrary. However, since the quantum
numbers of our operators become parametrically large with N , a comparison may still be
possible[47, 48, 49, 50, 51]. We leave this interesting question for the future.
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